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Abstract
This is an introductory review on the eleven-dimensional description of the BPS
bound states of type II superstring theories, and on the role of supermembranes in
M-theory. The first part describes classical solutions of 11d supergravity which upon
dimensional reduction and T-dualities give bound states of NS-NS and R-R p-branes of
type IIA and IIB string theories. In some cases (e.g. (q1, q2) string bound states of type
IIB string theory), these non-perturbative objects admit a simple eleven-dimensional
description in terms of a fundamental 2-brane. The BPS excitations of such 2-brane are
calculated and shown to exactly match the mass spectrum for the BPS (q1, q2) string
bound states. Different 11d representations of the same bound state can be used to
provide inequivalent (T-dual) descriptions of the oscillating BPS states. This permits
to test T-duality beyond perturbation theory and, in certain cases, to evade membrane
instabilities by going to a stable T-dual representation. We finally summarize the results
indicating in what regions of the modular parameter space a supermembrane description
for M-theory on R9 ×T2 seems to be adequate.
∗ Lectures given at the APCTP Winter School “Dualities of Gauge and String Theories”, Korea,
February 1997.
1 Introduction
In type II superstring theories, classical solutions representing solitons can be classified
into two types: the NS-NS and the R-R solitons, according to whether they carry charge
of gauge fields originating from the NS-NS or R-R sector of the theory (for recent reviews
and references see [1]-[6]). In certain cases, these solitons can form bound states [7, 8, 2]
and the corresponding classical solution preserves some of the original supersymmetries.
These are the BPS bound states. The bound states can be marginal (or at threshold),
meaning that they have zero binding energies (typically, M1+2 = M1+M2), or else non-
marginal (or non-threshold), with a finite binding energy (viz. M1+2 =
√
M21 +M
2
2 ).
In this paper we will focus on these last ones [9] (different studies of supersymmetric
M-brane solutions can be found e.g. in refs. [10]-[16]).
Type IIB superstring theory can be connected to M theory by the sequence
Type IIB on S1 −→
T
Type IIA on S1 −→
R1→∞
10d Type IIA −→
g2→∞
M theory (1)
In the presence of several isometries, the path from eleven dimensions to type IIB string
theory is not unique. The same classical solution of eleven-dimensional supergravity can
be used to obtain different solutions of type IIA superstring theory, according to the
direction we reduce. Furthermore, if there is an extra isometry, the T-duality transfor-
mation connecting type IIA and type IIB theory can be done in a direction which is
either perpendicular or parallel to the brane. There are many possible paths which are
not manifest in this sequence and, as a result, there are inequivalent eleven-dimensional
representations of the same type IIB solutions.
The equations of motion of type IIB superstring theory are symmetric under the ac-
tion of SL(2,R) transformations [17, 18]. Starting with the fundamental NS-NS string
solution in type IIB superstring theory, by an SL(2,R) transformation one can ob-
tain a general solution which represents the bound state of NS-NS and R-R strings.
From the viewpoint of eleven dimensions, such transformation simply corresponds to a
1
reparametrization; the SL(2,R) transformations are viewed as the modular transforma-
tions of the target torus [7, 19]. This illustrates a characteristic of M-theory: in a num-
ber of cases, what is non-perturbative from string theory viewpoint can be described in
eleven dimensions within the domain of perturbation theory. Many complicated-looking
solutions of string theory take a remarkably simple form when lifted to eleven dimen-
sions. This is because the 11d counterpart of performing a U-duality transformation
and adding Kaluza-Klein charges to a NS-NS soliton does not further complicate the
solution; it gives the same solution in terms of some rotated coordinates or with a mo-
mentum boost. In particular, as we shall discuss, the string bound states admit an exact
description in terms of a fundamental 2-brane with a certain charge and a momentum
boost.
In the next section, we will discuss the eleven dimensional origin of different non-
marginal BPS configurations of type II string theories as classical solutions of the super-
gravity effective field theory in eleven dimensions. Following [9, 20], we will explicitly
construct the solutions which upon reduction and dualities give different p-brane bound
states (other interesting discussions on non-marginal bound states in type II theories can
be found in refs. [21, 22]). In lower dimensions, these can be obtained from pure NS-
NS configurations by U-duality transformations (i.e. combining O(d, d) and SL(2,R)
transformations).
In section 3 the connection between type IIA superstrings and supermembranes
wrapped on R10 × S1 will be investigated by using the light-cone Hamiltonian ap-
proach. The question that will be addressed (investigated in [23]) is whether at small
compactification radius the only light excitations are those contained in the type IIA
superstring spectrum. It turns out that this is not the case, and there are extra quantum
states, which do not decouple in the zero radius limit. We shall return to this point in
sect. 4, where it will be argued that standard supermembrane theory is not suitable in
certain regimes.
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Given that the string-string bound states correspond to fundamental 2-branes in
eleven dimensions, it is of interest to determine the spectrum of oscillations of these
2-branes. This can be done by using the light-cone Hamiltonian approach of superme-
mbrane theory. Although this is a non-linear theory, it will be shown that it is exactly
solvable in a certain limit [9]. In the BPS sector, a remarkable correspondence with the
bound state spectrum proposed by Schwarz [7] will be found. We will also calculate the
spectrum for another (T-dual) representation of the same string-string bound state [20],
and find that in the BPS sector the spectra corresponding to the T-dual backgrounds
match, which may be regarded as a test of T-duality beyond perturbation theory (since
the matching holds true for BPS quantum states of masses α′M2 = O(1/g2)). Some
surprises arise in the non-BPS sector: the assumption of exact T-duality in M-theory
implies that supermembrane theory can only be an adequate description in some corners
of the modular parameters. Possible corrections to the membrane Hamiltonian outside
these corners can be deduced by using the T-dual representation.
2 Eleven-dimensional origin of BPS bound states
We will now map 10d supergravity solutions of type IIA and IIB into 11d supergravity.
The notation will be as follows:
Type IIB supergravity multiplet:
NS ⊗NS : {φB, B(1)µν , gµν}
R⊗ R : {χ, B(2)µν , Dµνρσ}
Type IIA supergravity multiplet:
NS ⊗NS : {φA, Bµν , g˜µν}
R⊗ R : {Aµ, Aµνρ}
3
d = 11 supergravity multiplet
{g(11)µˆνˆ , Cµˆνˆρˆ}
Type IIA and 11d supergravity solutions are connected by dimensional reduction:
ds211 = g
(11)
µˆνˆ dx
µˆdxνˆ = e−2φA/3g˜µνdx
µdxν + e4φA/3(dy − Aµdxµ)2 ,
Aµνρ = Cµνρ , Bµν = Cµνy . (2)
The T-duality map between type IIA/IIB solutions is given by [24]
g˜yy = g
−1
yy , e
2φA =
e2φB
gyy
,
g˜µν = gµν − g−1yy (gyµgyν − B(1)yµB(1)yν ) , g˜yµ =
B(1)yµ
gyy
,
Ayµν =
2
3
[B(2)µν + 2g
−1
yy B
(2)
y[µgν]y] ,
Aµνρ =
8
3
Dyµνρ + ǫ
ijB
(i)
y[µB
(j)
νρ] + g
−1
yy ǫ
ijB
(i)
y[µB
(j)
yν gρ]y ,
Bµν = B
(1)
µν + 2g
−1
yy B
(1)
y[µgν]y , Byµ =
gyµ
gyy
,
Aµ = −B(2)yµ + χB(1)yµ , Ay = χ . (3)
Let us now consider type IIB superstring theory on R9 × S1, and let y1 be the
coordinate of S1 with radius R′1. The basic object that will be used as starting point is
the fundamental string solution [25], which in the string frame is given by
ds210B = H˜
−1
2 (− dt2 + dy21) + dxidxi , e2φ = H˜−12 ,
B
(1)
ty1 = −H˜−12 (H˜2 − 1) , B(2)ty1 = 0 ,
H˜2 = 1 +
Q˜
r6
, r2 = xixi . (4)
[Throughout indices i will run over all remaining directions.] By a straightforward
application of the IIA/B T-duality map (3), one finds the type IIA background that is
obtained by a T-duality transformation in y1 [26, 27]:
ds210A = −dt2 + dy21 + (H˜2 − 1)(dt+ dy1)2 + dxidxi ,
e2φA = 1 , Aµ = Aµνρ = Bµν = 0 , (5)
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representing a gravitational wave moving along y1. In the string theory, for T-duality
to be a symmetry, y1 must have periodicity R1 = α
′/R′1.
Using eq. (2), we now lift this solution to d = 11, obtaining
ds211 = −dt2 + dy21 + dy22 + (H˜2 − 1)(dt+ dy1)2 + dxidxi ,
Cµνρ = 0 , (6)
again representing a gravitational wave. Note that, since y1 is periodic, the momentum
Q˜ must be quantized in units of 1/R1, which with the correct normalization gives
Q˜ = c0
n
R1
, c0 =
κ29
3ω7
, κ29 = 2πR1κ
2
10 , ω7 =
π4
3
.
From ten-dimensional viewpoint, this quantization condition arises as the Dirac quanti-
zation implied by the existence of the five brane.
The solution (6) preserves half of the supersymmetries, and it admits a simple gen-
eralization where H˜2 − 1 ≡ W is replaced by W = W (u, xi), with ∂2xW = 0 [27]. A
solution of interest is W = fi(u)x
i, representing right-moving waves in the direction of
the boost. For a solution carrying momentum along a given direction, supersymmetry
is preserved by adding waves moving in the direction of the momentum [27, 28].
In [7], the (q1, q2) string bound states were obtained by applying an SL(2,Z) transfor-
mation to the fundamental string solution. The corresponding transformation in d = 11
turns out to be quite simple: take the solution (6) and make a rotation in y1, y2 plane.
This gives
ds211 = −dt2 + dy21 + dy22 + (H˜2 − 1)(dt− cos θdy1 − sin θdy2)2 + dxidxi ,
W =
Q˜q
r6
, Q˜q = c0
√√√√ l21
R21
+
l22
R22
= Q˜
√
q21 + q
2
2τ
2
2 , (7)
cos θ =
q1√
q21 + q
2
2τ
2
2
, τ2 =
R1
R2
= e−φB0 . (8)
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Here l1, l2 are integer numbers corresponding to the Kaluza-Klein momenta in y1, y2 di-
rections, and we have introduced the relatively prime integers q1, q2 by (l1, l2) = n(q1, q2).
Upon reduction we now find
ds210A = K
1/2[−K−1dt˜2 + dy˜21 + dxidxi] ,
e4φ/3 = K , K = 1 + sin2 θ W ,
t˜ =
1
sin θ
(t− cos θy1) , y˜1 = 1
sin θ
(y1 − cos θt) . (9)
This represents a 0-brane with a finite boost with velocity v = cos θ [9]. By T-duality
along y1, we find the corresponding type IIB solution
ds210B = K
1/2[H˜−12 (− dt2 + dy21) + dxidxi] ,
e2φ = H˜−12 K
2 , χ = sin θ cos θWK−1 ,
B
(1)
ty1 = − cos θWH˜−12 , B(2)ty1 = − sin θWH˜−12 . (10)
For cos θ = 0, one has K = 1 and the solution reduces to the fundamental string solution
(or 1NS); for cos θ = 1, one has K = H˜2 and the solution represents the R-R string (or
1R). Schematically, we have obtained the sequence
ր −→
red
0R ↑ −→
Ty1
1R + 1NS (11)
Another basic object in eleven dimensions is the 2-brane given by [29]
ds211 = H
−2/3
2 [− dt2 + dy21 + dy22] +H1/32 dxidxi ,
C3 = H
−1
2 dt ∧ dy1 ∧ dy2 , H2 = 1 +
Q
r6
, (12)
where Q = c0
w0R1
α′
, and w0 represents the winding number of the 2-brane around the
target torus y1, y2. Upon reduction, this gives
ds210A = H
−1
2 [− dt2 + dy21] + dxidxi ,
e2φ = H−12 , By1t = Cy2y1t = H
−1
2 , (13)
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i.e., the fundamental string solution in type IIA superstring theory. After Ty1-duality,
we get a plane wave in type IIB. Summarizing:
2 −→
red
1NS −→
Ty1
↑ (14)
Combining with the previous result (11), we now start with the 2ր background given
by [9]
ds211 = H
−2/3
2 [− dt2 + dy21 + dy22 + (H˜2 − 1)(dt− dz1)2] +H1/32 dxidxi ,
C3 = H
−1
2 dt ∧ dy1 ∧ dy2 , z1 = y1 cos θ + y2 sin θ , (15)
and get
2ր −→
red
1NS + 0R+ ↑ −→
Ty1
↑ +1R + 1NS (16)
The final solution in type IIB superstring theory represents the 1/4 supersymmetric
(q1, q2) string bound state with a boost along y1 direction, with the metric
ds210B = K
1/2[H˜−12 (− dt2 + dy21 + (H2 − 1)(dt− dy1)2) + dxidxi] , (17)
and all other fields as in eq. (10).
The fundamental string background (4) solves the equations of motion at r 6= 0. In
order to solve the equations of motion at r = 0, a string-like source term needs to be
added [25], with tension
T =
ω7
κ210
Q˜ .
For the (q1, q2) string background, the relevant string source must have tension
Tq =
ω7
κ210
Q˜q = T
√
q21 + q
2
2τ
2
2 .
This has led Schwarz to propose that, at weak coupling, the spectrum of oscillations
of the (q1, q2) string bound state must be given by the usual free string spectrum, with
T → Tq. The mass formula is then
M2IIB =
w20
R′1
2 + 4π
2T 2q n
2R′1
2
+ 4πTq(NR +NL)
=
l21R
′
1
2
α′2
+
w20
R′1
2 +
l22
R22
+
4πT
n
√
l21 + l
2
2e
−2φ0(NR +NL) , (18)
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NR −NL = w0n .
The zero mode part of this formula (which already contains information about the
non-trivial tension) is in exact correspondence with the mass formula of a wrapped
supermembrane [7] . To see this, we first perform a T-duality transformation and get
M2IIA =
l21
R21
+
l22
R22
+
w20R1
2
α′2
+
4πT
n
√
l21 + l
2
2e
−2φ0(NR +NL) .
For a wrapped membrane, we have
M2 = (w0AT3)
2 +
l21
R21
+
l22
R22
+ ... ,
where w0, A, T3 are the membrane winding number, area and tension respectively, and
dots represent the oscillator contributions that we are for the moment ignoring. By
writting
w0AT3 = 4π
2w0R1R2T3 = 2πR1w0T , T ≡ 2πR2T3 ,
and identifying T with the string tension, we see that the zero mode part of the membrane
mass formula agrees with the string bound state counterpart.
The mass formula (18) should be exact for BPS states. In particular, it should
not receive additional corrections as the type IIA string coupling g2 = R22/α
′ is varied
from 0 (where eq. (18) applies) to ∞. In the BPS sector, it is meaningful to compare
the spectrum (18) with the BPS excitations of the 2-brane. For generic BPS states,
NR = w0n 6= 0; the oscillator contribution is indeed non-vanishing and we must calculate
it in order to establish the equivalence between mass formulas [9]. This will be done in
section 4.
Starting with the (q1, q2) string bound state with an extra isometry in the coordinate
y3, we can apply Ty3 duality and then lift the resulting solution to eleven dimensions,
obtaining an alternative 11d representation of the type IIB string-string bound state.
Schematically
1NS + 1R+ ↑ −→
Ty3
1NS + 2R+ ↑ −→
lift
2 ↑
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One obtains [20]
ds211 = H˜
−2/3
2 [− dt2 + dy21 + dz22 + (H2 − 1)(dt− dy1)2] + H˜1/32 (dz23 + dxidxi) ,
C3 = H˜
−1
2 dt ∧ dy1 ∧ dz2 , (19)
z2 = y2 cos θ + y3 sin θ , z3 = −y2 sin θ + y3 cos θ .
This is a 2-brane with a momentum boost w0/R
′
1 along y1, with one leg on y1 and
the other wrapped around the (q1, q2) cycle of the torus (y2, y3). When w0 = 0 (cor-
responding to the type IIB string bound state with zero momentum), this becomes a
static background, whereas in the representation (A) the w0 = 0 case has non-zero
momentum. There exists no reparametrization which connects both backgrounds; from
the viewpoint of supergravity effective field theory the two solutions are inequivalent.
They are, however, of the same form, where the roles of Q and Q˜ (i.e. winding number
and total momentum) are interchanged, but in addition the membrane is wrapped in a
different way around the 3-torus. The question that remains is whether, in M-theory,
these two inequivalent geometries can be physically equivalent, just as in string theory
σ-model backgrounds related by T-duality represent the same conformal field theory
(see sect. 4).
Before considering more complicated examples, it is useful to summarize the rules
governing the basic duality operations:
(1) T-duality along the boost: plane wave ↔ FS. T-duality in transverse direction: FS
and plane wave unchanged.
(2) Parallel T-duality: Dp-brane −→ D(p − 1) brane. Transverse T-duality: Dp-brane
−→ D(p+ 1)-brane.
(3) Reduction along boost direction −→ R-R charge. Reduction along direction orthog-
onal to boost −→ boosted brane.
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(4) S-duality φB → −φB: R-R and NS-NS 1,5 branes are exchanged. (The 3-brane
remains invariant). Boost unchanged. In d = 11, S-duality corresponds to the simple
reparametrization of exchanging the 11d direction with a T-duality direction.
The 2 + 0 bound states of type IIA superstring theory can also be connected to
the SL(2,Z) string bound state, provided there are two extra isometries. The required
operations are
(1NS + 1R)2 −→
T 2
⊥
1NS + 3R −→
S
1R + 3R −→
T||
0R + 2R −→
lift
2 7→
The final 11d configuration 2 7→ indicates a transversely boosted 2-brane. The bound
state 1R + 3R background that one obtains in this way is given by [9]
ds210B = H˜
1/2
2 [H˜
−1
2 (−dt2 + dy21) +K−1(dy22 + dy23) + dxidxi] ,
e2φ = H˜2K
−1 , Dty1y2y3 = sin θ (H˜2 − 1)K−1 , (20)
B
(2)
ty1 = − cos θ (H˜2 − 1)H˜−12 , B(1)y2y3 = sin θ cos θ (H˜2 − 1)K−1 .
T-duality converts it into the (0R + 2R)1 bound state represented by
ds210A = H˜
1/2
2 [−H˜−12 dt2 +K−1(dy22 + dy23) + dy21 + dxsdxs] ,
e2φ = H˜
3/2
2 K
−1 , Cty2y3 = − sin θ (H˜2 − 1)K−1 , (21)
At = − cos θ (H˜2 − 1)H˜−12 , By2y3 = sin θ cos θ (H˜2 − 1)K−1 .
This interpolates between the 0-brane (q2 = 0, K = 1) and the 2-brane wrapped around
y2, y3 (q1 = 0, H˜2 = K). The coordinate y1 does not play any special role, and in
the final geometry the restriction of the extra isometry can be removed, i.e. y1 can be
added to the xi, obtaining the 2 + 0 background which is spherically symmetric in all 7
transverse coordinates.
Lifting the type IIA solution (21) to d = 11 one obtains
ds211 = K
1/3[K−1(−dt˜2 + dy22 + dy23) + dy˜211 + dxidxi] ,
dC3 = dK
−1 ∧ dt˜ ∧ dy2 ∧ dy3 , (22)
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where
t˜ ≡ 1
sin θ
(t− cos θ y11) , y˜11 ≡ 1
sin θ
(y11 − cos θ t) .
This is a 2-brane boosted to a subluminal velocity v = cos θ ≤ 1 in the isometric
transverse direction y11 (or 2 7→).
The generalization to the case (1NS + 1R+ ↑)2, i.e. when the original string configu-
ration has non-vanishing momentum, is straightforward, and gives the sequence
(1NS + 1R+ ↑)2 −→
T⊥ST||
2R⊥1 + 0R −→
lift
2⊥2 7→
Explicit formulas for the backgrounds are given in [9]. Note that, since we have previ-
ously connected the (q1, q2) string bound state to a fundamental 2-brane, in the space
with two extra isometries 2⊥2 7→ is dual to a single 11d 2-brane .
Analogous backgrounds can be derived by including 5-branes. For example, the 5NS+
5R non-marginal bound state can be obtained by an SL(2,Z) rotation on the solitonic
5NS brane of type IIB theory. Another background of interest is the 1/8 supersymmetric
bound state 5R + 1R+ ↑, which has been useful for the construction of D = 5 extremal
black holes with regular horizons [30, 31, 32]. To obtain this, one starts with the 1/8
supersymmetric 11d background 5⊥2+ ↑ [11, 12] and perform the duality operations:
5⊥2+ ↑ −→
red
(5 + 1)NS+ ↑ −→
Ty1
5NS+ ↑ +1NS −→
S
(5 + 1)R+ ↑
For the D-brane bound state (1 + 5)R+ ↑ (n = 3, 4, 5, 6):
ds210B = (H1H5)
−1/2[− dt2 + dy21 + (H2 − 1)(dt− dy1)2] + (
H1
H5
)1/2dyndyn
+(H1H5)
1/2dxidxi , e
2φ =
H1
H5
,
H1,5 = 1 +
Q1,5
r2
, H2 = 1 +
Q
r2
.
Reduction to d = 5 gives
ds25 = −λ−2/3(r)dt2 + λ1/3(r)(dr2 + r2dΩ23) ,
11
λ(r) = H1H5H2 .
The Bekenstein-Hawking entropy of this black hole can then be compared with the
statistical entropy derived by counting D-brane microstates in the weak coupling limit
[30, 32].
Generalizing the previous construction involving the 2-brane, we now start with
5⊥2+ր, to obtain a d = 10 configuration with 5 charges (4 of which are independent),
representing the bound state
(1 + 5)NS + (1 + 5)R+ ↑
It includes the special cases: 1NS+1R+ ↑ , (1+5)R+ ↑ , (1+5)NS+ ↑ , 5R+5NS+ ↑,
and it thus provides a unified description of various 1-brane and 5-brane bound state
configurations of type IIB theory. The corresponding solution is given by
ds211 = H
2/3
5 H
1/3
2 (H
−1
5 H
−1
2 [−dt2 + dz21 + (H1 − 1)(dt− dz1)2]
+ H−15 dyndyn +H
−1
2 dz
2
2 + dxidxi) , (23)
dC3 = dH
−1
2 ∧ dt ∧ dy1 ∧ dy2 + ∗dH5 ∧ dz2 , (24)
z1 = y1 cos θ + y2 sin θ , z2 = −y1 sin θ + y2 cos θ .
Reduction down to d = 5 gives a family of regular extremal black holes related to the
simplest NS-NS and R-R ones by U-duality.
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3 Type IIA strings from membranes on R10 × S1
The bosonic part of the supermembrane action is given by [33]
S =
T3
2
∫
d3σ
[√−γγij∂iX µˆ∂X νˆgµˆνˆ − 12√−γ + 16ǫijk∂iX µˆ∂jX νˆ∂kX ρˆCµˆνˆρˆ(X)
]
,
σi = (σ, ρ, τ) , µˆ = 0, 1, ..., 10 .
The connection with the superstring theory is through the so-called double-dimensional
reduction ansatz [34]. For flat σ-model couplings, this is the essentially the statement
that type IIA superstring theory is recovered provided:
1) Make partial gauge choice X10 = ρR0 ;
2) Assume ∂ρX
µ = 0 , µ = 0, 1, ..., 9 .
Then one gets the action
S =
T
2
∫
d2σ[
√−hhαβ∂αXµ∂βXµ + ǫαβ∂αXµ∂βXνBµν(X)] ,
T ≡ 2πT3R0 .
In order to check whether superstring theory indeed arises as a small radius limit of
supermembrane theory on R10×S1, one should be able to show that all quantum states
containing oscillation modes in ρ become heavy and decouple as R0 → 0, leaving only the
type IIA superstring spectrum as the light excitations of the theory. Nevertheless, it will
be seen that in this limit there remain extra quantum states, which are associated with
flat directions of the membrane quartic potential. For a toroidal membrane wrapped on
R9 × T2, these extra quantum states will be removed in the limit that one torus cycle
is shrunk to zero, keeping the type IIB string coupling finite and small (see sect. 4).
The problem can be investigated by using the light-cone Hamiltonian [35, 36]. Let
us first consider membranes on R11. Defining as light-cone coordinates
X± =
X0 ±X10√
2
,
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the bosonic part of the Hamiltonian takes the form (fermions can be easily incorporated,
see e.g. [36, 23])
H = 2π2
∫
dσdρ
[
P 2a +
T 23
2
({Xa, Xb})2
]
, (25)
{X, Y } = ∂σX∂ρY − ∂ρX∂σY , a = 1, 2, ..., 9 .
This Hamiltonian has a residual gauge symmetry under the group of area-preserving
diffeomorphisms associated with the membrane topology under consideration. These are
reparametrizations of the form
σα −→ σ′α = σα + ξα(σ, ρ) , ξα = ǫαβ∂βφ , σα = (σ, ρ) ,
Xa(σ′) = Xa(σ) + ξα∂αX
a = Xa(σ) + {Xa, φ} .
If {Yn(σ, ρ)} denotes a complete set of functions on the membrane surface, the Lie
bracket {Yn, Yn′} describes the area-preserving diffeomorphisms algebra associated with
the topology, and the Yn (or the corresponding quantum operator Ln, see below) generate
arbitrary transformations, e.g. δnX
a = {Xa, Yn}. Here we will be concerned with
toroidal membranes, for which
Yn(σ, ρ) = e
ikσ+imρ , n = (k,m) , σ, ρ ∈ [0, 2π) . (26)
[Throughout, indices m,n are used for Fourier modes in ρ, whereas k, l are associated
with Fourier modes in σ.] The corresponding Lie bracket gives
{Yn, Yn′} = fnn′mY m = −(n× n′)Yn+n′ , (27)
n× n′ = km′ −mk′ .
The truncated or regularized version, where k,m = 0, ..., N−1, (k,m) 6= (0, 0), generates
the algebra of SU(N) [37]. The same regularized Hamiltonian [36] arises in Yang-Mills
quantum mechanics (dimensional reduction of super YM from D = 9+1 to D = 0+1 ),
and also in describing the short distance dynamics of N D0-branes. In a sense, the
connection with D-branes has clarified the appearance of Yang-Mills quantum mechanics
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[8], which in the original derivation of the matrix model [36] was somewhat mysterious.
A number of new aspects have also been ellucidated in the recent formulation of ref. [38]
(see also [39]).
Let us now consider membranes moving on R10×S1. We introduce the dimensional
parameter
α′ = (4π2R0T3)
−1 .
For a configuration that wraps once along S1, we have
X10(σ, ρ+ 2π) = X10(σ, ρ) + 2πR0 , (28)
so that
X10 = R0ρ+ X˜
10 , (29)
where X˜10 is single-valued. The single-valued part can be removed by the light-cone
gauge choice X+ = X
0+X˜10√
2
= x+ + α′p+τ .
The Hamiltonian takes the form [23] (X ′(σ) ≡ ∂σX(σ) )
H = H0 +Hint ,
where
H0 = 2π
2
∫
dσdρ
[
P 2a + T
2
3R
2
0(X
′
a)
2
]
, (30)
Hint = π
2T 23
∫
dσdρ({Xa, Xb})2 . (31)
If we now expand in Fourier modes in ρ
Xa(σ, ρ, τ) =
∑
m
Xam(σ, τ)e
imρ , P a(σ, ρ, τ) =
1
2π
∑
m
P am(σ, τ)e
imρ ,
[Xam(σ), P
b
n(σ
′)] = iδm+nδ
abδ(σ − σ′) , X†m = X−m , P †m = P−m ,
the Hamiltonian becomes
H0 = πT
2
∫
dσ
∑
m
[
T−2P amP
a
−m +X
a′
mX
a′
−m
]
, T ≡ 2πR0T3 , (32)
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Hint =
πT 2
R20
∫
dσ
∑
m,n,p
[mp(Xa′n X
a
p )(X
b′
−m−n−pX
b
m)− np(XanXap )(Xb′−m−n−pXb′m)] . (33)
The symmetry of area-preserving diffeomorphisms can be gauge fixed by setting
X9 = X9K(ρ) , X
9
K(ρ) =
∑
m
X9(0,m)e
imρ (34)
(the Y(0,m) = e
imρ generate a Cartan subspace). In addition, there is a local constraint
∂αX
− =
1
p+0
∂αX
aX˙a . (35)
By taking the curl, one gets the condition
{Xa, X˙a} = ∂σXa∂ρX˙a − ∂ρXa∂σX˙a ≡ 0 , (36)
or, in phase-space variables,
{Xa, P a} ≡ 0 . (37)
The Fourier components
Ln =
1
4π2
∫
dσdρ Y n{Xa, P a} (38)
are generators of the algebra of area-preserving diffeomorphisms (27). By a gauge trans-
formation, we can always rotate one of the coordinates, sayX9, into the Cartan subspace,
as in eq. (34). Then eq. (37) takes the form
LT
m
= −∑
n′
∑
n∈K
X9
n
P 9
n′fnn′m , (39)
where
LT
m
≡ 1
4π2
∫
dσdρ Y m{X i, P i} . (40)
We note that the P 9
n′
, n′ ∈ K, are absent from this formula. The constraint (39)
determines P˜ 9(σ, ρ) ≡ ∑n6∈K P 9nYn(σ, ρ) in terms of the X i, P i and X9K . By formally
inverting eq. (39), one gets
P˜ 9
n
= {F−1}mnLTm , Fnm = −
∑
n′∈K
X9
n′
fn′nm . (41)
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The determinant of F vanishes when some of the eigenvalues of X9
n′ coincide, i.e. at
the boundary of the Weyl chamber [40]. In the present case of a membrane wrapped
on R10 × S1, the relation is always invertible in the large radius limit [23]. At small
radius, the discussion of instability modes is nevertheless not affected, since one can
always choose suitable wave packets with support in the interior of the Weyl chamber.
Since X− is single-valued, eq. (35) also implies the global constraints
P(σ) =
1
2πα′
∫ 2pi
0
dσ ∂σX
aX˙a ≡ 0 , (42)
P(ρ) =
1
2πα′
∫ 2pi
0
dρ ∂ρX
aX˙a ≡ 0 . (43)
The operators P(σ), P(ρ) generate translations in σ and ρ, respectively. By virtue of
eq. (36) , the integrals in (42) and (43) are independent of the contours. In particular,
one readily checks that
∂ρP
(σ) = 0 , ∂σP
(ρ) = 0 . (44)
By making use of the properties (44), we can write P(σ), P(ρ) in the more convenient
form:
P(σ) =
1
4π2α′
∫ 2pi
0
dρ
∫ 2pi
0
dσ ∂σX
aX˙a , (45)
P(ρ) =
1
4π2α′
∫ 2pi
0
dσ
∫ 2pi
0
dρ ∂ρX
aX˙a . (46)
These equations will later be used to write P(σ) and P(ρ) in terms of mode operators.
The Hamiltonian (32), (33) is naturally organized as an infinite sum of free string
theory Hamiltonians labelled by m. The interaction grows with m; strings with m 6= 0
are the analogue of Kaluza-Klein modes, which decouple from low-energy physics at
small compactification radius. In this Hamiltonian approach, the double-dimensional
reduction procedure corresponds to dropping all modes Xam(σ) with m 6= 0, and setting
the Kaluza-Klein momentum p10 =
∫
dρP 10(ρ) to zero [23]. What remains is
α′Hred =
T
2
∫
dσ
[
T−2P i0P
i
0 +X
i
0
′
X i0
′]
, α′ ≡ (2πT )−1 .
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which is nothing but the string theory Hamiltonian.
World-volume time translations are generated by H˜ = α′(H0 +H1). Regarding H1
as a perturbation, the equations of motion of the unperturbed Hamiltonian H0 give
∂2σX
a
m = ∂
2
τX
a
m .
The solution satisfying the periodicity condition Xa(σ + 2π) = Xa(σ) is given by
Xam(σ, τ) = x
a
m + α
′pamτ + i
√
α′
2
∑
k 6=0
1
k
(
αa(k,m)e
−ik(τ−σ) + α˜a(k,m)e
−ik(τ+σ)
)
, (47)
[αi(k,m), α
j
(l,n)] = kδk+lδm+nδ
ij , α9(k,m) = α˜
9
(k,m) = 0 , (48)
α†(k,m) = α(−k,−m) , x
†
m = x−m , p
†
m = p−m .
The Hamiltonian has potential valleys along xam, corresponding to the constant modes
in the coordinate σ. Indeed, the xam do not appear in H0 nor in Hint. The extra term Hint
in the potential contains flat directions along all Cartan directions [40]; the Y(0,m) = e
imρ
(associated with the xam) span a Cartan subspace. The x
a
m with m 6= 0 are the only
directions that are not stabilized by the winding contributions, and they are responsible
of the instabilities of the supermembrane on R10 × S1[23]. One can construct wave
packets in these directions which move off to infinity, and this holds true for any value
of the radius R0.
Let us now incorporateHint. By expanding X
a
m(σ), P
a
m(σ) in terms of mode operators
Xam(σ) =
√
α′
∑
k
Xa(k,m)e
ikσ , P am(σ) =
1
2π
√
α′
∑
k 6=0
P a(k,m)e
ikσ ,
we obtain
α′H0 = 12
∑
n
[P a
n
P a−n + k
2Xa
n
Xa−n] ,
α′Hint =
1
4g2
∑
(n1 × n2)(n3 × n4)Xan1Xbn2Xan3Xbn4 ,
g2 ≡ R
2
0
α′
= 4π2R30T3 ,
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where the sum runs over n1,n2,n3, and n4 = −n1−n2−n3. The parameter g2 is exactly
the type IIA string coupling that is obtained upon reduction of 11d supergravity. Let us
now consider the properties of the system as the string coupling g2 is changed at fixed
α′. The mass operator is given by
M2 = 2p+0 p
−
0 − (pa0)2 = 2H0 + 2Hint − (pa0)2 . (49)
Hint is positive definite, and any state |Ψ〉 with 〈Ψ|Hint|Ψ〉 6= 0 will have infinite mass
in the zero coupling limit. The only states that survive in the zero coupling limit (with
T3 →∞ so that T = 2πR0T3 remains fixed) are those containing excitations in a Cartan
subspace of the area-preserving diffeomorphism algebra, so that Hint drops out from
〈Ψ|M2|Ψ〉 (to be precise, from Xa(k,m), P a(k,m) one introduces creation and annihilation
operators aa(k,m), a
a†
(k,m) in the standard way; any state made with a set {aa†(k,m)} whose
associated {Y(k,m)} are non-commuting has infinite mass in the zero coupling limit).
The X i(k,0) generate a Cartan subspace, implying that the full type IIA superstring
spectrum survives,
〈ΨIIA|Hint|ΨIIA〉 = 0 .
In addition, there are excitations in other directions which also remain. This includes
wave packets made with the zero models xam, p
a
m (that is, states made of X
a
(0,m), P
a
(0,m)
oscillators, whose corresponding generators Y(0,m) also span a Cartan subspace).
Let us now consider the infinite coupling limit, R0 →∞, T3 → 0, with T = 2πR0T3
fixed. In this limit, g2 → ∞, so the term Hint can be dropped, and the Hamiltonian
becomes that of an infinite set of harmonic oscillators labelled by (k,m). Note that this
is true only for a membrane that wraps around the compact dimension; in this limit the
quartic terms in the potential are negligible in relation to the quadratic terms. For a
membrane that does not wrap around S1, there is no quadratic term, and at any radius
the dynamics is governed by the quartic terms.
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The (bosonic part of the) mass spectrum takes the form
1
2
α′M2 = 1
2
α′
∑
m6=0
pamp
a
−m +
∞∑
m=−∞
∞∑
k=1
[αi(−k,−m)α
i
(k,m) + α˜
i
(−k,−m)α˜
i
(k,m)]
= 1
2
α′
∑
m6=0
pamp
a
−m +N
+
σ +N
−
σ . (50)
In the R0 → ∞ limit, the fact that the standard membrane spectrum is continu-
ous is simply understood: the center-of-mass momenta of the strings with m 6= 0,
pim =
∫
dσP im(σ) take continuous values, since they are governed by the free particle
Hamiltonian Hfree =
1
2
pimp
i
−m =
1
2
(p(1)m )
2 + 1
2
(p(2)m )
2, where p±m = p(1)m ± ip(1)m .
We recall that we have gauge fixed the symmetry of area-preserving diffeomorphisms
by setting α9(k,m) = 0. The physical Hilbert space is spanned by states made of the
transverse excitations αi(−k,m), α˜
i
(−k,m) (and the fermion partners S
r
(−k,m), S˜
i
(−k,m)), with
k > 0 and m ∈ Z. In terms of mode operators, the global constraints P(σ) = P(ρ) = 0
become the level matching conditions:
N+σ = N
−
σ , (51)
N+ρ −N−ρ = l0 , (52)
where l0 ∈ Z is the Kaluza-Klein charge, p100 = l0/R0 , which in the ten-dimensional
theory is viewed as a R-R charge. Explicit expressions for N±ρ will be given below for a
more general membrane configuration.
Unlike the spectrum of superstring theory, the membrane spectrum contains the
infinite tower of Kaluza-Klein quantum states carrying Ramond-Ramond charges. The
ten-dimensional mass operator is given by
M210D = M
2 + (p100 )
2 .
Kaluza-Klein states with l0 6= 0 will thus have M10D = O(1/R0), or
√
α′M10D = O(1/g).
Note that these R-R quantum states with l0 6= 0 must contain oscillations with m 6= 0
in order to satisfy the constraint (52). There are, in addition, other quantum states
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with vanishing R-R charge l0 = 0, having nonetheless masses of order 1/g. These are
states containing excitations of a†(k,m) with m 6= 0; the O(1/g) mass originates from
contributions of Hint.
In the regularized SU(N) theory, eq. (50) takes the form
1
2
α′M2 = 1
2
α′
N−1∑
m=1
pamp
a
−m +N
+
σ +N
−
σ . (53)
It may be worth emphasizing that the continuity of the spectrum is not associated
with the center-of-mass momentum p20, which is in M
2. The pam operators, with m =
1, ..., N − 1, are genuine degrees of freedom of the membrane Hamiltonian, associated
with rigid (σ-independent) motion in direction transverse to σ (i.e. along S1). However,
in the particular sector l0 = N [38], the p
a
m (including the center-of-mass p
a
0) may
be naturally interpreted as the momenta of a (bound state) system of N D0-branes,
whose short-distance dynamics is indeed governed by the SU(N) Hamiltonian. For a
general membrane configuration with non-zero winding around the target torus (see
sect. 4), the corresponding type IIA system not only contains D0-branes but, as we
have seen, represents a bound state of D0-branes, a fundamental string, and a boost
(i.e. 1NS + 0R+ ↑, see eq. (16) ).
4 Mass spectrum of 11d 2-branes
In section 2 we have seen that the (q1, q2) string bound states admit two representations
in eleven dimensions in terms of a fundamental 2-brane, given by eqs. (15) and (19)
(henceforth (A) and (B) ). In this section we will calculate the spectrum of excitations of
such 2-branes. We shall start with the representation (A), describing to a 2-brane with
momentum l1/R1 and l2/R2 along the cycles of the target torus, and having winding
number w0 (which in type IIA string theory on R
9×S1 becomes the winding number of
a string along the circle S1). The physical spectrum of wrapped membranes of toroidal
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topology has been previously investigated in [33, 41] in the semiclassical approximation.
The Hamiltonian approach used here permits to have a better control of non-linearities
of the theory.
Let X1, X2 be the compact coordinates with periods 2πR1, 2πR2, and thus consider
a membrane configuration of toroidal topology wrapped in the following way:
X1(σ + 2π, ρ) = X1(σ, ρ) + 2πw0R1 ,
X2(σ, ρ+ 2π) = X2(σ, ρ) + 2πR2 .
Hence
X1(σ, ρ) = w0R1σ + X˜
1(σ, ρ) ,
X2(σ, ρ) = R2ρ+ X˜
2(σ, ρ) ,
where X˜1(σ, ρ), X˜2(σ, ρ) are single-valued functions, which can be expanded in a com-
plete set of functions on the torus,
X˜2(σ, ρ) =
√
α′
∑
k,m
X2(k,m)e
ikσ+imρ , X˜1(σ, ρ) =
√
α′
∑
k,m
X1(k,m)e
ikσ+imρ ,
α′ ≡ (4π2R2T3)−1 .
The winding number that counts how many times the membrane is wound around the
target torus is given by
w0 =
1
4π2R1R2
∫
dσdρ {X1, X2} .
A membrane with w0 6= 0 is topologically protected against usual supermembrane insta-
bilities. We will see this explicitly in the Hamiltonian formulation; because of contribu-
tions due to winding, flat directions in the Hamiltonian will be removed and the mass
spectrum will be discrete.
Let also expand the transverse fields in terms of mode operators,
X i(σ, ρ) =
√
α′
∑
k,m
X i(k,m)e
ikσ+imρ , P i(σ, ρ) =
1
(2π)2
√
α′
∑
k,m
P i(k,m)e
ikσ+imρ . (54)
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Separating the winding contributions and inserting the expansions, the Hamiltonian
takes the form H = H0 +Hint , with ( n = (k,m), a, b = 2, ..., 10)
α′H0 = 12α
′T 23A
2w20 +
1
2
∑
n
[P a
n
P a−n + ω
2
kmX
a
n
Xa−n]
α′Hint =
1
4g2
∑
(n1 × n2)(n3 × n4)Xan1Xbn2Xan3Xbn4
+
i
g
∑
mk2X2(0,m)X
i
(k,n)X
i
(−k,−n−m) ,
where
g2 ≡ R
2
2
α′
= 4π2R32T3 , ωkm =
√
k2 + w20m
2τ 22 , τ2 =
R1
R2
.
Let us first investigate the connection with type IIA superstring theory in the limit
g2 → 0 at fixed τ2 = R1R2 (small torus area, R1R2 → 0). The case discussed in sect. 3
–a membrane on R10 × S1– involved certain subtle points, because the spectrum was
continuum. Having now a discrete spectrum, we would like to pose again the question
of what quantum states survive in the zero coupling limit. The analysis of section 3 can
be repeated. From the form of the mass operator, M2 = 2H0+2Hint− (pa0)2, we see that
any state |Ψ〉 with 〈Ψ|Hint|Ψ〉 6= 0 will have 〈Ψ|M2|Ψ〉 → ∞ as g2 → 0. The quantum
states with 〈Ψ|Hint|Ψ〉 = 0 are again those containing excitations in a Cartan subspace
of the area-preserving diffeomorphism algebra, so that Hint gives no contribution. This
includes the type IIA superstring spectrum (in the sector with winding number w0), and
quantum states made with X i(0,m), P
i
(0,m), etc. There is, however, an important difference
with respect to the membrane on R10 × S1. To make contact with perturbative type
IIB string theory upon T-duality, the type IIB string coupling eφB0 = R2/R1 must also
be small. Consequently, due to the large term w20m
2e−2φB0 in the frequency ωkm, all
states containing oscillators X i(k,m), P
i
(k,m), with m 6= 0 get a non-perturbative mass of
order e−φB0 = R1
R2
≫ 1, so they decouple. Just the type IIA superstring spectrum, made
with X i(k,0), P
i
(k,0), survives. Thus, type IIA superstring theory is exactly recovered from
wrapped supermembranes on T 2 in the limit that R2 → 0 with fixed eφB0 = R2/R1 ≪ 1.
Only type IIA quantum states with w0 = 0 are missing in the membrane description
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(some of these states –those with a non-vanishing momentum along a torus cycle– will
be recovered from the T-dual membrane (B); see sect. 4.2).
In the opposite limit g2 →∞, at fixed α′ and τ2, non-linear terms drop out and the
system reduces to an infinite set of harmonic oscillators. We now determine the mass
operator in this limit. It is convenient to introduce mode operators as follows:
Xa(k,m) =
i√
2w(k,m)
[αa(k,m) + α˜
a
(−k,−m)] , P
a
(k,m) =
1√
2
[αa(k,m) − α˜a(−k,−m)] , (55)
(Xa(k,m))
† = Xa(−k,−m) , (P
a
(k,m))
† = P a(−k,−m) , w(k,m) ≡ ǫ(k) ωkm ,
where ǫ(k) is the sign function. The canonical commutation relations imply
[Xa(k,m), P
b
(k′,m′)] = iδk+k′δm+m′δ
ab ,
[αa(k,m), α
b
(k′,m′)] = w(k,m)δk+k′δm+m′δ
ab , (56)
and similar relations for the α˜a(k,m). In terms of these modes, the solution is given by
Xa(σ, ρ, τ) = xa + α′paτ + i
√
α′
2
∑
n6=(0,0)
w−1
n
[αa
n
eikσ+imρ + α˜a
n
e−ikσ−imρ] eiwnτ .
Let the momenta in the directions X1 and X2 be
p1 =
l1
R1
, p2 =
l2
R2
, l1, l2 ∈ Z .
The nine-dimensional mass operator is given by
M2 = 2H − p2i =M20 +
2
α′
H(A) , M
2
0 =
l21
R21
+
l22
R22
+
w20R
2
1
α′2
,
H(A) =
1
2
∑
n
(αa−nα
a
n
+ α˜a−nα˜
a
n
) , n ≡ (k,m) , a = 2, ..., 10 .
As in sect. 3, the level-matching conditions are determined from the global constraints
P(σ) = P(ρ) = 0. We now obtain
N+σ −N−σ = w0l1 , N+ρ −N−ρ = l2 ,
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where
N+σ =
∞∑
m=−∞
∞∑
k=1
k
ωkm
αi(−k,−m)α
i
(k,m) ,
N−σ =
∞∑
m=−∞
∞∑
k=1
k
ωkm
α˜i(−k,−m)α˜
i
(k,m) ,
N+ρ =
∞∑
m=1
∞∑
k=0
m
ωkm
[αa(−k,−m)α
a
(k,m) + α˜
a
(−k,m)α˜
a
(k,−m)] ,
N−ρ =
∞∑
m=1
∞∑
k=0
m
ωkm
[αa(−k,m)α
a
(k,−m) + α˜
a
(−k,−m)α˜
a
(k,m)] .
4.1 BPS oscillations of bound states
We would like to compare the membrane mass operator that we have just obtained
M2 =
l21
R21
+
l22
R22
+
w20R
2
1
α′2
+
2
α′
H(A) , (57)
N+σ −N−σ = w0l1 , N+ρ −N−ρ = l2 , (58)
with the mass spectrum of the (q1, q2) string bound state [7]
M2IIB =
l21
R21
+
l22
R22
+
w20R
2
1
α′2
+ 4πT(q1,q2)(NL +NR) ,
NR −NL = nw0 . (59)
Let us first consider the simplest NS-NS string, where l2 = 0, l1 = n (q1 = 1, q2 = 0).
Then
M2IIB =
l21
R21
+
w20R
2
1
α′2
+
2
α′
(NL +NR) , NR −NL = l1w0 . (60)
For BPS states, NL = 0, so that
M2IIB =
l21
R21
+
w20R
2
1
α′2
+
2
α′
l1w0 =
(
l1
R1
+
w0R1
α′
)2
. (61)
We now identify for which states in the membrane spectrum the corresponding back-
ground preserves some (1/2 or 1/4) of the supersymmetries. As mentioned in sect. 2,
the only way to add waves to the 2-brane background by preserving supersymmetry is
along the momentum direction. The BPS condition can be summarized in two rules:
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a) Oscillations along momentum direction.
b) Only right-moving oscillations.
In this l2 = 0 case, since the momentum direction is along σ, the first condition implies
that the relevant states are made with the αi(k,0), α˜
i
(k,0) (or α
i
(k,m) = α˜
i
(k,m) = 0 if m 6= 0).
The second condition sets α˜i(k,0) = 0. It follows that
H(A) = N
+
σ = w0l1 , (62)
so that
M2
∣∣∣∣
BPS
=
(
l1
R1
+
w0R1
α′
)2
= M2IIB
∣∣∣∣
BPS
. (63)
It is interesting to note that both spectra match even before imposing the condition (b).
Let us now consider the general case with both NS-NS and R-R charges, l1, l2 6= 0.
Performing the rotation
y1 = cos θ X1 + sin θ X2 , y2 = − sin θ X1 + cos θ X2 ,
where θ was defined in eq. (8), we may align the momentum with the direction y1. The
map between the target-space torus and the toroidal membrane surface is given by the
zero mode part
y01 = w0R1 cos θ σ +R2 sin θ ρ , y
0
2 = −w0R1 sin θ σ +R2 cos θ ρ .
Consider an oscillation mode αi(k,m)e
i(kσ+mρ)
kσ +mρ =
(
k
w0R1
cos θ +
m
R2
sin θ
)
y01 +
(
− k
w0R1
sin θ +
m
R2
cos θ
)
y02 ,
The BPS condition that there are no oscillations along y2 becomes
αi(k,m) = 0 if R2k sin θ 6= w0R1m cos θ ,
i.e. if kq2 6= w0mq1. Thus the relevant states are constructed using αi(−k,−m0) with
m0 =
q2
w0q1
k .
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For such states,
H(A) =
∞∑
k=1
αi(−k,−m0)α
i
(k,m0)
, ωkm0 =
k
q1
√
q21 + q
2
2τ
2
2 ,
and the constraints become
N+σ =
q1√
q21 + q
2
2τ
2
2
∞∑
k=1
αi(−k,−m0)α
i
(k,m0) = l1w0 ,
N+ρ =
q2
w0
√
q21 + q
2
2τ
2
2
∞∑
k=1
αi(−k,−m0)α
i
(k,m0) = l2 .
The membrane BPS mass formula is then
M2 =
l21
R21
+
l22
R22
+
w20R
2
1
α′2
+
2
α′
H(A) ,
with
H(A) =
1
q1
√
q21 + q
2
2τ
2
2 N
+
σ = w0
√
l21 + l
2
2τ
2
2 .
Thus
M2 =
(√√√√ l21
R21
+
l22
R22
+
w0R1
α′
)2
.
Remarkably, this agrees with the Schwarz string mass formula (59) for BPS states with
NL = 0.
4.2 T-Duality in M-Theory
In standard perturbative string theory, T-duality symmetry is the assertion that confor-
mal field theories corresponding to two backgrounds related by a T-duality transforma-
tion are equivalent. In particular, the one-loop partition function is the same for both
systems, and there is a one-to-one correspondence between the spectra. Related to these
properties is the fact that the effective action is T-dual invariant to all orders in the α′
expansion. In eleven dimensional supergravity, solutions with three or more isometries
are also related by similar transformations [24]. Whether this property is to hold beyond
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leading order in M-theory remains to be proved. In particular, it strongly relies on a
complete matching of the mass spectra of excitations of the dual backgrounds. This is
the case in string theory, where winding states are crucial in order for T-duality to be
an exact symmetry to all orders in perturbation theory.
For string theory, T-duality is a symmetry of the world-sheet action: given a σ-model
background with some isometry, one can find the dual σ-model background by a standard
procedure based on gauging the isometry and introducing at the same time Lagrange
multipliers which set the gauge field to zero; then the original space-time coordinates are
removed by a gauge fixing, and one obtains the σ-model action for the dual background;
up to some subtleties (periodicities, etc.) the corresponding conformal field theories are
guaranteed to be equivalent [42]. A similar procedure in membrane theory does not
work [43, 44, 45, 46]. In 2+1 dimensions the dual to scalars are vectors, and what one
obtains by this procedure is not a membrane theory on the dual background. Given that
T-duality symmetry seems to be inherent to two-dimensional Lagrangians, it is natural
to wonder why this should be expected to be a symmetry of M-theory. Consider the
weak coupling limit g2 → 0. We can distinguish quantum states states in the spectrum
with mass α′M2 = O(1) and those with α′M2 = O(1/g2). The former have a regular
mass as g2 → 0 and constitute the perturbative string spectrum. The exact T-duality of
perturbative string theory implies that the spectrum in this sector is T-dual invariant.
Less known is the sector of states with α′M2 = O(1/g2). Nevertheless, we will explicitly
see below that the BPS subsector α′M2
∣∣∣∣
BPS
= O(1/g2) is also T-dual invariant (the
T-duality invariance of the BPS subsector is also ensured by electric-magnetic duality of
N = 4 super Yang-Mills theory in 3+1 dimensions [47, 48]). This and the invariance of
the leading order effective action are presently the only elements that support the idea
of a T-dual M-theory.
For a direct test of T-duality in string theory, one may consider the fundamental
string background in type IIA theory with a momentum boost along the string direction
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and perform a T-duality transformation along the string direction, that is,
(a) ≡ ↑ +1NS −→
T
1NS+ ↑ ≡ (b) (64)
The full spectrum of oscillations of (a) and (b) backgrounds indeed coincide, after in-
terchanging the winding charge with the momentum and R1 → R′1 = α′/R1. The
analogous test in M-theory can now be performed. In sect. 2 we have seen that there
are two backgrounds (A) and (B) representing fundamental 2-branes which are related
by T-duality:
(A) ≡ 2ր −→
T⊥T||
2 ↑ ≡ (B) (65)
The T-dual backgrounds (A) and (B) are given by
(A) : ds211 = H
−2/3
2 [− dt2 + dy21 + dy22 + (H˜2 − 1)(dt− dz1)2]
+H
1/3
2 (dy
2
3 + dxidxi) ,
C3 = H
−1
2 dt ∧ dy1 ∧ dy2 , z1 = y1 cos θ + y2 sin θ (66)
(B) : ds211 = H˜
−2/3
2 [− dt2 + dy21 + dz22 + (H2 − 1)(dt− dy1)2]
+H˜
1/3
2 (dz
2
3 + dxidxi)
C3 = H˜
−1
2 dt ∧ dy1 ∧ dz2 , (67)
z2 = y2 cos θ + y3 sin θ , z3 = −y2 sin θ + y3 cos θ ,
H2 = 1 +
Q
r5
, H˜2 = 1 +
Q˜
r5
, Q = c0
w0R1
α′
, Q˜ = c0
n
R1
√
q21 + q
2
2τ
2
2
Note that in the case q2 = 0 the restriction of an extra isometry in y3 can be removed
(i.e. y3 can be added to the xi), since this coordinate does not play any special role. In
this particular case the backgrounds are equivalent under the exchange of momentum
and winding charges (Q↔ Q˜).
From type IIA perspective, in going from one representation to another, one has
(A) = ↑ +0R + 1NS −→
Ty1
1NS + 1R+ ↑ −→
Ty3
1NS + 2R+ ↑ = (B)
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We have already calculated the spectrum of oscillations of the 2-brane (A). We now
calculate the spectrum for the representation (B) [20]. An unboosted (q1, q2) string
bound state is now represented by a static 2-brane with one leg wrapped around the
coordinate y1, and another wrapped around a (q1, q2) cycle of the 2-torus generated by
y2, y3. That is:
y1(σ + 2π, ρ) = y1(σ, ρ) + 2πnR
′
1 ,
y2(σ, ρ+ 2π) = y2(σ, ρ) + 2πq1R2 ,
y3(σ, ρ+ 2π) = y3(σ, ρ) + 2πq2R1 .
Adding the boost w0 to the (q1, q2) string bound state amounts to boosting along the
coordinate y1 with momentum w0/R
′
1. The target 3-torus coordinates can be expanded
as follows:
y1(σ, ρ) = nR
′
1σ + y˜1(σ, ρ) ,
y2(σ, ρ) = q1R2ρ+ y˜2(σ, ρ) ,
y3(σ, ρ) = q2R1ρ+ y˜3(σ, ρ) ,
py1 =
∫
dσdρ Py1 =
w0
R′1
, py2,3 =
∫
dσdρ Py2,3 = 0 ,
where y˜1, y˜2, y˜3 are single-valued functions of σ, ρ. Inserting this into the Hamiltonian,
H = 2π2
∫
dσdρ
[
P 2a +
1
2
T 23 ({Xa, Xb})2
]
, (68)
and expanding all single-valued functions in eikσ+imρ, we now obtain
α′H =
(R′1)
2
2α′
(l21 + l
2
2τ
2
2 ) +
1
2
∑
n
[P a
n
P a−n + ω˜
2
kmX
a
n
Xa−n] +O
(
1
g
)
, (69)
with
ω˜km =
√√√√k2(q21 + q22R21R22
)
+m2n2
R′21
R22
. (70)
In the g2 →∞ limit, with α′ and R′1/R2 fixed, the (mass)2 operator M2 = 2H−p2i then
takes the form
M2(B) =M
2
0 +
2
α′
H(B) , (71)
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H(B) =
1
2
∑
n
(βa−nβ
a
n
+ β˜a−nβ˜
a
n
) , (72)
[βa(k,m), β
b
(k′,m′)] = ǫ(k)ω˜kmδk+k′δm+m′δ
ab , (73)
with
N+σ −N−σ = w0n , N+ρ = N−ρ . (74)
For a BPS state, oscillations must be added along the momentum direction. This
implies that the relevant states are made with the βi(k,0), β˜
i
(k,0) (or β
i
(k,m) = β˜
i
(k,m) = 0 if
m 6= 0). The BPS conditions (see sect. 4.1) also require that oscillations are purely right
moving, i.e. β˜i(k,0) = 0. Then N
+
ρ = N
−
ρ = N
−
σ = 0, which indeed gives the minimum
mass for given charges. Thus ω˜2km = k
2(q21 + q
2
2τ
2
2 ), or
H(B) =
√
q21 + q
2
2τ
2
2N
+
σ = w0
√
l21 + l
2
2τ
2
2 . (75)
Substituting R′1 = α
′/R1 and eq. (75) into the mass operator (71), we obtain
M2(B) =
l21
R21
+
l22
R22
+
w20R
2
1
α′2
+
2
α′
w0
√
l21 + l
2
2τ
2
2 =
(√√√√ l21
R21
+
l22
R22
+
w0R1
α′
)2
, (76)
which is in striking agreement with the BPS spectrum of the (q1, q2) string bound states,
and thus in agreement with the BPS oscillation spectrum of the background (A), as
calculated in sect. 4.1. For l2 = 0, the matching with the BPS sector of the spectrum
(A) is not a surprise: in certain corners of the modular parameters (R2 → 0) we must
recover exact T-duality of perturbative string theory. The BPS mass formula is exact
and should not receive additional corrections as we vary the radius. But the spectrum
(76) contains, in addition, all quantum states with l2 ∈ Z 6= 0 of masses M = O(1/R2).
The fact that (A) and (B) BPS spectra match, including these states α′M2 = O(1/g2),
constitutes a non-trivial test of T-duality in M-theory.
In sect. 4.1, it was mentioned the fact that the spectrum of (q1, q2) strings is not
only reproduced for BPS states, but also for states containing both right and left moving
oscillations along the momentum direction. Indeed, once the βi(k,m), β˜
i
(k,m) with m 6=
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0 are set to zero, the 2-brane mass spectrum becomes identical to the (q1, q2) string
spectrum,
M2(B)
∣∣∣∣
along momentum
=
l21
R21
+
l22
R22
+
w20R
2
1
α′2
+ 4πT
√
q21 + q
2
2τ
2
2 (NL +NR) , (77)
NR −NL = nw0 . (78)
This is consistent with what one expects from the analysis of the classical solutions:
setting to zero the membrane excitations in the direction transverse to the momentum
is tantamount to the truncation of the spectrum implied by the dimensional reduction,
which indeed leads to the 1NS + 1R+ ↑ string in type IIB theory.
We now examine the problem of T-duality in non-BPS sectors. The mass formulas
forM(A) andM(B) cannot be used to test T-duality in the non-BPS sectors, because they
apply in different corners of the torus modular parameters. Although in both cases the
relevant limit involves the strong coupling limit g2 →∞ with fixed α′, for (A) we have
kept fixed R1/R2 (so that R1 → ∞), while for (B) we have fixed R′1/R1 = α′/(R1R2)
(so that R1 → 0). Let us now take for (B) the limit at fixed τ2 = R1/R2. In this limit
ω˜km =
√
k2(q21 + q
2
2τ
2
2 ) +
m2n2
τ 22 g
4
−→ k
√
q21 + q
2
2τ
2
2 . (79)
As a result, flat directions remain in the potential and one obtains a continuum spectrum
in this representation. Instabilities are produced by wave packets constructed with
the Xa(0,m), just as in sect. 3. Along these directions the potential vanishes, and the
wave packet can escape to infinity, leading to a continuum spectrum of eigenvalues.
In this (thin torus) R′1 → 0 limit, the notion of small oscillations around a stable
configuration seems to break down for the 2-brane (B). In the dual description (A),
where the membrane is wrapped around a large area torus, there is nothing pathological
and one obtains an exact discrete spectrum. If T-duality is a symmetry of M-theory,
the true mass spectrum of quantum states associated with background (B) at R′1 → 0
must coincide with that of representation (A); in particular, it must be discrete.
Similarly, in the strong coupling limit at fixed R′1/R2, the mass spectrum of the
32
2-brane (A) becomes continuum, because
ωkm =
√
k2 +m2w20τ
2
2 −→ k , (80)
whereas in the same limit one has an exact discrete spectrum for the 2-brane (B).
Thus, when the same limit is taken, the spectra of (A) and (B) membranes do not
match beyond the BPS sector. Whether this should be attributed to a lack of T-duality in
M-theory, or to a breakdown of supermembrane theory (which is not renormalizable) in
this limit, or to something else, is unclear. Nevertheless, it may be fruitful to explore the
consequences of including exact T-duality symmetry as part of an axiomatic definition
of M-theory. In this simple approach, we may just demand M2(B) = M
2
(A) and inquire
what extra terms in the Hamiltonian must be added. For the sake of clarity, in what
follows we consider the simpler case l2 = 0. In this case we can write
(A) : ds211 = −dt2 + dy21 + dy22 + (H˜2 − 1)(dt− dy1)2 + dxidxi ,
C3 = H
−1
2 dt ∧ dy1 ∧ dy2 , (81)
and the background (B) is the same as eq. (81) with the exchange H2 ↔ H˜2 (or n↔ w0,
R1 ↔ α′/R1). Consider the limit g2 →∞, with R1/R2 fixed. For the 2-brane (B), w0/R′1
represents the momentum py1 . Thus
ωkm =
√
k2 +m2w20τ
2
2 =
√√√√k2 +m2α′p2y1
g2
In the limit we are considering, both g2 → ∞ and p2y1 → ∞, with the ratio
p2y1
g2
fixed.
The Hamiltonian α′H must contain a term ω2kmX
2
(k,m). The term k
2X2(k,m) is already
present in α′H from
ω˜2kmX
a
(k,m)X
a
(−k,−m) =
(
k2 +
m2n2
τ 22 g
4
)
Xa(k,m)X
a
(−k,−m) −→ k2Xa(k,m)Xa(−k,−m) .
Thus, the term m2
α′p2y1
g2
X2(k,m) seems to originate from a Hamiltonian of the form
H = 2π2
∫
dσdρ [P 2a + T
2
3R
2
2(∂σX
a)2 + T 23 n
2R′21 (∂ρX
a)2 +
1
R22
(∂ρX
a)2P 2a ] + ... (82)
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The last term is new and seems to be a concrete hint for a possible extension of super-
membrane theory.
There is another good news about the existence of representation (B). In the repre-
sentation (A), we cannot calculate the spectrum for a membrane with w0 = 0, because of
membrane instabilities. Because of this, we were only able to check the correspondence
with the BPS excitations of the (q1, q2) string in the sector w0 6= 0, corresponding to the
string-string bound state with non-vanishing momentum w0/R
′
1. In the representation
(B), it is possible to establish the correspondence between string and membrane BPS
spectra also in the sector w0 = 0: now the membrane is stable as long as l1 6= 0 or
l2 6= 0, since in this case the 2-brane winding is non-zero. It is worth noting that the
solution (A) with w0 = 0 simply represents a gravitational wave; if T-duality is to hold,
the quantum states associated with this background in the limit g2 → ∞, R1 → 0,
can also be described in terms of membrane excitations! Although this circumvents the
instability problem for this sector of the theory, the problem subsists for those states
with l1 = l2 = w0 = 0.
Let us summarize the results and give the spectrum in the different corners of the
modular parameters:
1) R1, R2 →∞, T3 → 0 (g2 →∞, with τ2 = e−φ0 = R1/R2 and α′ finite):
M2(A) = M
2
0 +
1
α′
∑
n
(αa−nα
a
n
+ α˜a−nα˜
a
n
) , ωkm =
√
k2 +m2w20τ
2
2 ,
N+σ −N−σ = w0n , N+ρ = N−ρ ,
M2(B) = continuum .
2) R2 →∞, R1 → 0, T3 → 0 (g2 →∞, with R′1/R2 and α′ finite)
M2(A) = continuum ,
M2(B) = M
2
0 +
1
α′
∑
n
(βa−nβ
a
n
+ β˜a−nβ˜
a
n
) , ω˜km =
√√√√k2 +m2n2R′21
R22
,
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N+σ −N−σ = w0n , N+ρ = N−ρ . (83)
3) R2 → 0, T3 →∞ (g2 → 0, α′ finite; this is the ten-dimensional limit)
M2 =M20 +
2
α′
(NR +NL) , NR −NL = nw0 . (84)
There are other possible ten-dimensional limits. For example, in the limit R′1 → 0,
T3 → ∞, with α˜′ ≡ (4π2R′1T3)−1 fixed (note that α˜′ = R1R2), the relevant degrees of
freedom of the system (B) can be more adequately described by dimensionally reducing
on y1, rather than on y2. In this process, we find
ds210A = H
1/2
2 [H˜
−1
2 (−H−12 dt2 + dy22) + dy23 + dxidxi] ,
A = (H2 − 1)H−12 dt , Bty2 = H˜−12 , e2φ = H˜−12 H3/22 , (85)
which is a bound state of a D0-brane and a fundamental string. The type IIA string
coupling is g˜2 = R′21 /α˜
′. A T-duality transformation along y2 converts it into a R-R
string with charge w0 and a momentum boost n/R
′
2, with R
′
2 = α˜
′/R2, i.e.
0R + 1NS −→
Ty2
1R+ ↑
According to eq. (18), the mass spectrum is then:
4) R′1 → 0, T3 →∞ (g˜2 → 0, α˜′ = (4π2R′1T3)−1 finite)
M2RR =
n2
R′22
+ 4π2T 2(0,1)w
2
0R
′2
2 + 4πT(0,1)(NR +NL) , NR −NL = nw0 , (86)
with T(0,1) = (2πα˜
′)−1R2
R′
1
. In terms of α′, R1, this becomes
M2RR =
n2
R21
+
w20R
2
1
α′2
+
2
α′
(NR +NL) , (87)
i.e. identical to eq. (84).
So far only two representations (A) and (B) have been considered. Other duality
transformations may be applied, giving rise to new representations. An important ques-
tion is how many inequivalent membrane representations can be obtained in this way.
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Let us again restrict our attention to the simplest case l2 = 0. As we have seen, in this
case T-duality has a trivial effect on the geometry; it just leads to an interchange of
momentum and winding charges associated with the direction of T-duality. Thus, it will
be sufficient to look at the transformation of the radii:
(R1, R2) −→
Ty1Ty3
(R′1, R2) , R
′
1 =
α′
R1
=
1
R1R2T¯
,
(R1, R2) −→
Ty2Ty3
(R1, R
′
2) , R
′
2 =
α′
R2
=
1
R1R2T¯
,
where T¯ = 4π2T3. The Ty3 duality does not play any special role, and it will be implicit
in what follows. Then, the result we obtain is that the total number of inequivalent
membrane representations is six, according to the following scheme (see fig. 1):
1 = (R1, R2) −→
Ty1
2 =
(
1
R1R2T¯
, R2
)
−→
Ty2
3 =
(
1
R1R2T¯
, R1
)
−→
Ty1
4 = (R2, R1)
−→
Ty2
5 =
(
R2,
1
R1R2T¯
)
−→
Ty1
6 =
(
R1,
1
R1R2T¯
)
−→
Ty2
1 = (R1, R2) ,
S-duality connects 1↔ 4, 2↔ 5 and 3↔ 6.
Assuming T-duality, the picture that seems to be emerging is shown in fig. 2. Near
the corners of the square at T3 → 0 (inside the shaded surfaces), namely (R1, R2) →
(∞,∞), and the other two corners related by T and S duality, supermembrane theory
is solvable and provides an eleven-dimensional description that incorporates not only
the perturbative (1, 0) string states, but also the general (q1, q2) oscillating quantum
states (as well as the extra states of the membrane). Indeed, we have seen that left
and right moving oscillations along the momentum direction of the 2-brane reproduce
the full (BPS and non-BPS) tower of states of string theory, with the only exception of
the sector w0 = l1 = l2 = 0, that we do not know how to describe (this is related to
the problem of existence of a normalizable ground state of the membrane Hamiltonian
[40, 49]). The corners which are appropriate to the membrane representations of fig. 1
are obtained by demanding that the associated target torus area is large. Using the
values of the respective radii, we obtain the distribution as in fig. 2.
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1=(A)              T                  2=(B)
T
1
2
TT
T
1
2
1
T2
S
S
S
6 3
45
Figure 1: Alternate applications of T-duality in y1 and y2 directions lead to the same
configuration after six operations. The diametrically opposed points are connected by
the simple S duality that exchanges y1 and y2 directions.
At T3 → ∞, various ten-dimensional limits can be taken, and we recover the string
spectrum, as we have just seen. By using the full membrane Hamiltonian, in sect. 4
it was also shown that in the limit that the torus area goes to zero at fixed τ−12 ≪ 1,
the only membrane quantum states of perturbative mass that remain are those of the
superstring spectrum. The different string descriptions of figure 2 arise as follows. The
horizontal edge is obtained by dimensionally reducing (B) = 2 or (A) = 1 along y2 (as in
eq. (84)); the string zone in the vertical edge follows from the reduction of membranes
3 or 4 along y2 (as well as from (A) or 6 along y1); the diagonal zone is obtained by
reducing the membrane representations 5 and 6 along y2 (as well as from 3 or (B) along
along y1, as in eq. (87) ).
5-branes are missing here. As in string theory –where there are soliton solutions
representing higher-dimensional extended objects, but at weak coupling the (1, 0) string
excitations are enough to define a sensible perturbation theory– in these corners of the
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STRINGS
R
R
T
1
2
3
8
8
8
MEMBRANES
STRINGS
MEMBRANES
(5,6)
(1,2)
(3,6)
 (1,4)
(2,5)
(3
,4
)
Figure 2: M-theory on R9 × T2. The sides of the cube correspond to either 0 or ∞
values of the different parameters, as indicated in the figure. Only the parameter space
for a rectangular (τ1 = 0) torus is displayed. The diagonal string zone corresponds to
R1R2 = α
′, arising, in particular, in the limit that led to eq. (87). The numbers between
parentheses in the string zones indicate from what membrane such string description
arises upon reduction in y2.
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moduli space, it is not impossible that the quantization of the 2-brane already provides
the framework for perturbative calculations in M-theory on R9 ×T2.
5 Conclusions
We conclude by summarizing the main topics discussed here:
• Several classical solutions representing (non-marginal) bound states of R-R and NS-NS
p-branes admit a simple d = 11 description as a reparametrization of configurations of
5 and 2 branes. In eleven dimensions, the background corresponding to a pure NS-NS
configuration is no more complicated that the U-dual version including R-R and NS-NS
p-branes.
• The quantum states (as derived from the light-cone Hamiltonian) of supermembranes
wrapped on R9 × T2 that survive in the limit of small torus area, at fixed τ−12 ≪ 1,
are those of the type II superstring spectrum on R9 × S1, in the sector w0 6= 0. For
membranes on R10 × S1, there remain extra quantum states.
• Correct BPS spectrum of the (q1, q2) string bound state can be derived from a fun-
damental supermembrane, and in two inequivalent ways (corresponding to M2-brane
backgrounds related by T-duality).
• Full dynamics of wrapped d = 11 2-branes can be understood in some corners of the
moduli space, where supermembrane theory becomes exactly solvable.
• If T-duality is an exact symmetry of M-theory, boosted 2-branes with zero winding
number (which are unstable) may be described in terms of a stable T-dual configuration.
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